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Curvilinear Unit Vectors 
2D Paths and Direction 
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If we know y = f(x) 

Example. Curve is y = 0.1x2  and v is a constant 5 m/s. What is 

velocity at x = 2 m?   

tan = 2(0.1)(2) = 0.4, so  = 21.80° 

Note vt  and ds (exaggerated)  

are parallel  
dy 
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𝑣 𝑡 = 𝑖 𝑣𝑡𝑐𝑜𝑠𝜃 + 𝑗 𝑣𝑡𝑠𝑖𝑛𝜃 

So  𝑢 𝑡 = 𝑖 𝑐𝑜𝑠𝜃 + 𝑗 𝑠𝑖𝑛𝜃 

𝑢 𝑡 = 𝑖 𝑐𝑜𝑠 21.80° + 𝑗 𝑠𝑖𝑛 21.80°  



Can we find a unit vector uN? 

Note if C = ia + jb, and D = −ib + ja . 
 
Then C•D = −ab + ba = 0 

So if 
2

y

2

x

yx

T

vv

vjvi
u






ˆˆ
ˆ

y 

x 

uT 

uN 

, then 
2

y

2

x

xy

N

vv

vjvi-
u






ˆˆ
ˆ

C 
D 

a 

b 

b 

a 

 

 

Or   , and 𝑢 𝑛 = −𝑖 𝑠𝑖𝑛𝜃 + 𝑗 𝑐𝑜𝑠𝜃 𝑢 𝑡 = 𝑖 𝑐𝑜𝑠𝜃 + 𝑗 𝑠𝑖𝑛𝜃   



Warning – normals depend on curvature 
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2D Paths and Path Length 
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If y = 2x, find the length s of the curve between x 
= 0 and x = 5. 

2D Paths and Path Length 

Example 1 

Of course, this was a straight 

line and we could have used 

Pythagoras to get the result.    
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If y = 2x, find s as a function of time if x = 0 at t = 0 and 
if the horizontal velocity is vx = 3t. Find the tangential 
speed vt and acceleration. 

2D Paths and Path Length 

Example 2 
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