EQUIVALENT SYSTEMS, RESULTANTS OF FORCE AND
COUPLE SYSTEM, & FURTHER REDUCTION OF A
FORCE AND COUPLE SYSTEM

Today’s Objectives:

Students will be able to:

a) Determine the effect of moving a
force.

b) Find an equivalent force-couple
system for a system of forces and
couples.
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APPLICATIONS

What is the resultant effect on the person’s hand
when the force is applied in four different ways ?




APPLICATIONS (continued)

Several forces and a couple
moment are acting on this
vertical section of an I-beam.

Can you replace them with just
one force and one couple
moment at point O that will
have the same external effect?
If yes, how will you do that?




AN EQUIVALENT SYSTEM
(Section 4.7)

A Fp

|1
S ;Ug
Al

When a number of forces and couple moments are acting on a
body, it Is easier to understand their overall effect on the body if
they are combined into a single force and couple moment having

the same external effect

The two force and couple systems are called equivalent systems

since they have the same external effect on the body.
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MOVING AFORCE ON ITS LINE OF ACTION

Moving a force from A to O, when both points are on the
vectors’ line of action, does not change the external effect.
Hence, a force vector is called a sliding vector. (But the
Internal effect of the force on the body does depend on where

the force is applied).
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MOVING A FORCE OFF OF ITS LINE OF ACTION

Moving a force from point A to O (as shown above) requires
creating an additional couple moment. Since this new couple
moment is a “free” vector, It can be applied at any point P on the

body.




. RESULTANTS OF AFORCE AND
COUPLE SYSTEM
(Section 4.8)

When several forces and couple moments
1] act on a body, you can move each force

o " < and Iits associated couple moment to a
common point O.

Now you can add all the forces and
couple moments together and find one
At resultant force-couple moment pair.

::\MRO o FH = 2F
Mg, = EM. + M,




RESULTANT OF AFORCE AND COUPLE SYSTEM
(continued)

If the force system lies in the x-y plane (the 2-D case), then the
reduced equivalent system can be obtained using the following
three scalar equations.

FRx o EFI
FR_.,, =EF},
Mg, = SM, + SMo




EXAMPLE #1

3 20 Ib
| 1, 4 Given: A 2-D force and couple
| system as shown.

—2 fi - —[ S \
\2 i Find: The equivalent resultant

_l_zglb force and couple
moment acting at A.

2 ft

~E

Plan:

1) Sum all the x and y components of the forces to find Fg,.

2) Find and sum all the moments resulting from moving each
force to A.




EXAMPLE #1
(continued)

2015 + - ZFRX = 25+35sin30° =4251b

+ { ZFg, = 20 +35c0s 30° =50.311b
+ ( Mg, = 35¢0s30° (2) +20(6) — 25(3)
=105.6 Ib-ft

Fr = (42.52+50.312)12 =65.9 b
N0 = tanl(50.31/42.5) =49.8°




EXAMPLE #2

500 1b - ft

3 fi

50 1b

Given: A 2-D force and couple
system as shown.

Find: The equivalent resultant
force and couple moment
acting at A.

Plan:

1) Sum all the x and y components
of the forces to find Fg,.

2) Find and sum all the moments
resulting from moving each
force to A and add them to the
500 Ib - ft free moment to find

the resultant Mg, . <>




EXAMPLE #2 (continued)

pra i
Summing the i
force Z 4 |
components: g

+ > 3F, = (4/5)150 Ib + 50 Ibsin 30° = 145 Ib

+ TXZF, = (3/5)150 Ib+50Ib cos30° =133.31b
Now find the magnitude and direction of the resultant.

Foa=(1452+133.32)2=1971b and 6 =tan?'(133.3/145)
=426° /.
+{ Mg = { (4/5)(150)(2) — 50 cos30° (3) + 50 sin30° (6) + 500 }

=760 Ib-ft <>




Example #3

Given: Handle forces F;, and F, are
applied to the electric drill.

Find: An equivalent resultant
force and couple moment at
point O.

Plan:

a) Find Fro =2 F;
Where, b) Find Mg =X M:+Z (r;x F;)
F: are the individual forces in Cartesian vector notation (CVN).

M. are any free couple moments in CVVN (none in this example).
R; are the position vectors from the point O to any point on the

line of action of F;. O




SOLUTION

F, = {2j - 4k)N

F, ={61-3]-10k} N
F, ={01+2]- 4k} N
Fro = {61-1)-14k} N
rr ={0.151+03k}m
r, ={025]+03k}m

Mro =IixF +r,xF,
i J k i j k
Mgo ={ 015 0 03| + |0 -0.250.3| }Nm
6 -3 -10 0 2 -4

={0.9i + 33j-045k + 0.4i + 0j + 0k} N-m
={1.3i + 33j — 045k} N-m




FURTHER REDUCTION OF AFORCE AND COUPLE
SYSTEM
(Section 4.9)

P

If FlR and Mg are perpendicular to each other, then the system
can be further reduced to a single force, F5, by simply moving

Fr from O to P.

In three special cases, concurrent, coplanar, and parallel systems
of forces, the system can always be reduced to a single force as

long as Fr #0 . <

>




Concurrent means lines of action of all the forces
pass through the same point.

A -
F, [ \ F,
3 D>
O

Fr By definition, M =R x Fq
/' will be perpendicular to Fg




Coplanar —all forces in same plane
— effectively a 2D problem
— F also in plane

v
A

For a 2D problem, all moments are
out of or into page, so My L Fg



Parallel forces can create no moments
IN thelr own direction

Hence the only moments
are perpendicular to the
forces as Is required.




EXAMPLE #4 - Coplanar
Given: A 2-D force and couple

I 20 1b

] { 4R in system as shown.
2% \ | Find: The equivalent resultant
\o 3 force and couple
° Lo moment acting at A and
then the equivalent
2 f single force location

. along the beam AB.
Plan:

1) Sum all the x and y components of the forces to find Fx,.

2) Find and sum all the moments resulting from moving each
force to A.

3) Shift the Fr, to a distance d such that d = Mga/Fg, <




EXAMPLE #4
(continued)

35‘%% e illb + —> ZFRX — 25 + 35 Sln 300 — 425 Ib

=]

e FR\\ “ + { ZFg, = 20 +35cos 30° =50.31Ib
—L + (Mg, = 35c0s30° (2) +20(6) — 25(3)
=105.6 Ib-ft

T

Fr = (42.52+50.312)12 =65.9 b
U 0 = tanl(50.31/42.5) =49.8°

The equivalent single force Fx can be located on the
beam AB at a distance d measured from A.

d = Mga/Fg, = 105.6/50.31 = 2.10 ft




EXAMPLE #5 Parallel

Given: The building slab has
four columns. F; and
F2 — O-

Find: The equivalent
resultant force and
couple moment at the
origin O. Also find the
location (X,y) of the

Plan: single equivalent

. resultant force.
1) Find Frg = 2F; =Fg, K
2) Find Mpg = 2. (r; xF;) = Mgyo 1 + Mgyo ]

3) The location of the single equivalent resultant force is given
as X = -Mgyo/Fr,0 @andy = Mg,o/Fg,o <>




EXAMPLE #5
(continued)

Fro = {-50 k—20 k} = {-70 k} kN

Mgo = (10 i)x(-20 k) + (4 1 + 3 j)*x(-50 k)
={200]+200j—150i} KN-m
={-1501+400j } KN-m

The location of the single equivalent resultant force Is given as,
X = _MRyO/FRzo = '400/('70) =571m
y = IVIRxo/FRzo = ('150)/('70) = 2.14m




EXAMPLE #6 Concurrent

F,=70N Given: The block is acted
‘ upon by three forces.

F,=14N
Find: The equivalent
_,T . resultant force and
;Y couple moment at the
2m origin O. Also find the
> :
/% 6m — F, =48 N location (0, v, z) of the
X single equivalent
Plan: resultant force.

1) Find Fry = 2F;
2) Find Mgy = 2 (r; xF) =1 xFgg

3) The location of the single equivalent resultant force is given
as X = Mgryo/Fr,0 andy = Mgyo/Frs0



EXAMPLE #6 Continued

F;=70N F,=-14 kN
N
Fp=14N |
| : F,=48 N
3m oy Fy=(T0N)(-2i - 6j + 3K)/7
y — = (—20i — 60j + 30k) N

>
< 6 — —
e =98N e = (200 - 12) + 16K) N

X

| ] Kk
Mog=rxFg=| 2 6 0 [mN
20 -12 16

= (6*16)i — j(2*16) + k(~ 24+120) m-N
= {96i — 32j + 96k} m:N




EXAMPLE #6 Continued

Want
| ] K
Mo=r xFz=]0 'y z |mN={96i-32]+ 96k} m-N
—20 -12 16
Or

(16y+202)i — j(202) + k(20y) = 96i — 32j + 96K
Getz=32/20 = 1.6, y = 96/20 = 4.8
Check: 16*4.8+20%(1.6) = 96 M

If y and z were not on the face, solution would be unphysical.



Wrench or Screw

In general, Fx is not L Mg but can still simplify somewhat.
Mo =M, +M,

Can find a location, such that F5 and M, have the same external effect.




Approach

Find F; and Mg as usual
Use dot product to find M,
Recall M, = (Mg » Ug) U
Next M, = Mg — M,

Find r such thatr x Fr=M,



EXAMPLE #7

Fs=T70N Given: The block is acted
F,=25N upon by three forces.
0 Find: The equivalent
3m resultant force and
) couple moment at the
>2M origin O. Also find the
/% om 7/ F,=48N location (0, y, z) of the
X 1) Find Fry = XF, wrench.
Plan:

2) Find Mgo= 2 (r; xF))
3) Break Mg Into components
4) Findrx Fgro=M,

5) Wrenchis Frqy, M, and location r



F,=70N
Z

/%6m%

X

Mg =

EXAMPLE #7 (continued)

F,=25N

)

i
0
0

(
{3

K
0

oc)\—.

—25

~150)i

0i — 60j

+ (96)k
+ 96k} m:N

+

F,=-25kN

F,=48jN

F, = (70 N)(-2i — 6 + 3K)/7
= (—20i — 60j + 30k) N

Fr, = (-20i — 12j + 5k) N

i j kK
0 0 3
2060 30

m-N

+ (180i — 60j) m:N




EXAMPLE #7 (continued)
Since Fr = (=20i — 12j + 5k) N, ug = (=20i — 12j + 5k)/\569
M= (Mg e ug) ug
= [{30i — 60j + 96k} e (~20i — 12j + 5k)/</569]
* (—20i — 12j + 5k)/\569 m:N
= (-600 + 720 + 480) (201 — 12j + 5k)/569 m-N
= 600 (—20i — 12j + 5k)/569 m-N
= j(—21.0896) + j (-12.6538) + k (5.2724) m-N
M, =My - M,
= {30i — 60j + 96k} —{—21.0896i — 12.6538j + 5.2724k}
= {51.0896 i — 47.3462 j + 90.7276 k} m-N



EXAMPLE #7 Continued
Wantr x Fr=M,

i K
0 z| ={51.0896 i 47.3462 j + 90.7276 Kk}
2 5

J
0 -12
Or
(5y+122)i — j(20z) + k(20y) = 51.0896 i — 47.3462 j + 90.7276 k
Get z =47.3462/20 = 2.3673, y =90.7276/20 = 4.5364

Check: 5*4.5364 + 12*(2.3673) = 51.0896 M

If y and z were not on the face, solution would be unphysical.



CONCEPT QUIZ

1. The forces on the pole can be reduced to
a single force and a single moment at
point

1) P 2) Q 3)R
4) S 5) Any of these points.

2. Consider two couples acting on a body. The simplest possible
equivalent system at any arbitrary point on the body will have

1) one force and one couple moment.
2) one force.
3) one couple moment.

4) two couple moments. <>




ATTENTION QUIZ

1. For this force system, the equivalent system at P is

A) Frp =40 Ib (along +x-dir.) and Mg, = +60 ft -1b
B) Frp =0 Ib and Mg, =+30 ft - Ib

C) Frp =30 Ib (along +y-dir.) and My, =-30 ft -1b
D) Frp = 40 Ib (along +x-dir.) and Mgpe = +30 ft -1b

yl ~301Ib
}<1>|< 1"

; >401h =




ATTENTION QUIZ

2. Consider three couples acting on a body. Equivalent
systems will be at different points on the body.

A) different when located
B) the same even when located
C) zero when located

D) None of the above.




